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Separated spin-up and spin-down quantum kinetics is derived for more detailed research of the
spin-electron acoustic waves. Kinetic theory allows to obtain spectrum of the spin-electron acoustic
waves including effects of occupation of quantum states more accurately than quantum hydrody-
namics. We apply quantum kinetic to calculate the Landau damping of the spin-electron acoustic
waves. We have considered contribution of ions dynamics in the spin-electron acoustic wave spec-
trum. We obtain contribution of ions in the Landau damping in temperature regime of classic
ions. Kinetic analysis for ion-acoustic, zero sound, and Langmuir waves at separated spin-up and
spin-down electron dynamics is presented as well.
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I. INTRODUCTION
Recently developed separate spin evolution quantum
hydrodynamic (SSE-QHD) model [1], giving separated
description of spin-up and spin-down electrons, allowed
us to discover new type of longitudinal collective excita-
tions in degenerate quantum plasmas. This excitation is
called the spin-electron acoustic wave (SEAW). In this
model, spin-up and spin-down electrons are considered
as two different species. The SEAW exists in magne-
tised plasmas due to difference of the Fermi momentum
of spin-up and spin-down electrons at presence of an ex-
ternal magnetic field.
Propagation of the SEAWs parallel and perpendicular
to an external magnetic field was considered in Ref. [1].
Further research of the SEAWs was performed in Refs.
[2] and [3]. Dispersion of the SEAWs in different two di-
mensional structures was studied in Ref. [3]. Plane-like
two dimensional electron gas in a magnetic field perpen-
dicular to the sample, and conducting nanotubes, having
cylindrical geomentry, in an external magnetic field par-
allel to the cylinder axis were considered in Ref. [3].
More general case of oblique wave propagation in three
dimensional structures was considered in Ref. [2]. It was
demonstrated that at oblique propagation we have two
branches of the SEAWs instead of one existing in limit
cases of parallel and perpendicular propagation.
In paper [1], derivation of the separated spin evolu-
tion QHD with two different species of spin-up and spin-
down electrons was demonstrated on a simple example
of the single-particle Pauli equation. It rather obvious
that a single-particle equation has nothing to do with a
plasma description. A full derivation should be based
upon a many-particle theory, as, for instance, the many-
particle QHD (MPQHD) developed by Kuz’menkov and
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coauthors [4], [5], [6], [7], [8], [9]. The final equations,
presented in Ref. [1], were obtained by the correspond-
ing modification of the MPQHD. Hence they have more
general form than the result of the separate spin-up and
spin-down fluidisation of the single-particle Pauli equa-
tion. Nevertheless application of the single-particle Pauli
equation was a simple way to demonstrate the correct
structure of the SSE-QHD. This is a generalisation of
famous fluidisation of the single-particle Pauli equation
performed by Takabayasi [10].
Consequences of separate spin evolution for the Lang-
muir [1], [2], [3] and Trivelpiece–Gould [2] waves were
also studied in mentioned parers.
This paper is dedicated to further analysis of the spin-
electron acoustic waves and influence of separate spin
evolution of electrons on ion acoustic and zeroth sound
waves. In this paper we focus our attention on waves
propagating parallel to the external magnetic field. Here
we develop the separate spin evolution quantum kinetics.
Kinetic theory gives a background for more careful anal-
ysis of distribution of electrons over different quantum
states and contribution of these effects in the quantum
plasma properties.
Since we have an example of derivation of SSE-QHD
from the single particle Pauli equation, we stress atten-
tion on a many-particle derivation of separate spin evo-
lution quantum kinetics.
The separate spin evolution quantum kinetics allows
to calculate the Landau damping of the SEAWs. We
apply the separate spin evolution quantum kinetics to
obtain the Landau damping of the SEAWs and other ex-
citations in two different regimes: regime of intermediate
temperatures, when electrons are degenerate and ions are
classical, and regime of low temperatures when all species
are degenerate.
Some topics in quantum plasmas were discussed in re-
views [11], [12], [13].
This paper is organized as follows. In Sec. II we de-
scribe basic definitions of quantum kinetics and describe
2quantum mechanic background essential for derivation
of the quantum kinetics. Sec. III contains closed set of
separate spin evolution quantum kinetic equations. In
Sec. IV equilibrium state is described. Linearised kinetic
equations for small perturbations of the equilibrium are
presented in Sec. IV as well. In Sec. V a general form
of dispersion equation for oblique propagating longitudi-
nal waves is obtained. In Sec. VI we present detailed
analysis of spectrum of longitudinal waves propagating
parallel to the external magnetic field. In Sec. VII a
brief summary of obtained results is presented.
II. METHOD OF DERIVATION OF
SEPARATED SPIN-UP AND SPIN-DOWN
QUANTUM KINETICS
A. Structure of many-particle N-spinor wave
function
If we have a single particle with no spin degree of free-
dom it can be described by the wave function ψ(r, t),
which is a complex function of three space coordinates
and time. If we have two particles of that kind we need
to apply the two-particle wave function ψ(r1, r2, t), which
is a complex function in six dimensional configuration
space. It is hard to make assumptions for this function
when we consider two interacting particles. However if
interaction is weak, or we have two non-interacting parti-
cles, we can represent a two-particle wave function as the
product of single particle wave functions ψ(r1, r2, t) =
ψ(r1, t)ψ(r2, t), or including antisymmetry of fermion
wave function ψ(r1, r2, t) =
1
2
∣∣∣∣ ψa1(r1, t) ψa1(r2, t)ψa2(r1, t) ψa2(r2, t)
∣∣∣∣.
Next focus our attention on the spin-1/2 particles, as
electrons, which are main subject of this paper. A single
spin-1/2 particle is descried by the spinor (the first-rank
spinor) wave function, which is a two component wave
function ψ =
(
ψu
ψd
)
(see for instance [14] section 56).
Next step on the way of construction of the many-particle
theory is obtaining of the wave function for two spin-1/2
particles. This wave function appears to be a second rank
spinor [14].
Second-rank spinor is a four component quantity ψςτ
(see for instance [14] section 56 after formula 56.13).
Components of ψςτ are transformed as products ψςψτ
of components of two first-rank spinors. The 2 × 2 unit
matrix Iˆ together with three sigma (Pauli) matrixes form
a basis in space of the second-rank spinors.
Summarising all written above we can present a scheme
of generalisation:
ψ(r, t) ⇒ ψ(r1, r2, t)
⇓ ⇓(
ψu(r, t)
ψd(r, t)
)
⇒ Ψ(r1, r2, t),
 (1)
where
Ψ(r1, r2, t) =
(
ψu1(r1, r2, t) ψu2(r1, r2, t)
ψd1(r1, r2, t) ψd2(r1, r2, t),
)
(2)
is the second rank spinor having presentation of 2 × 2
matrix. The two-particle wave function of spin-1/2 par-
ticles, being a matrix, should wear spinor subindexes,
hence we write Ψ(r1, r2, t) = Ψs1s2(r1, r2, t).
Spin and coordinate parts of the many-particle wave
function can be separated in absence of the spin-current
and spin-orbit interactions
Ψ(R, t) = ΨS(R, t) = Λ(R, t) · χS , (3)
where R = {r1, ..., ri, ..., rN} is the set of coordinates of
N particles, S = {s1, ..., si, ..., sN} is the set of spinor
subindexes of N particles. Full many-particle wave func-
tion Ψ(R, t) is antisymmetric to permutation of argu-
ments. Hence if orbital part Λ(R, t) is antisymmetric,
then the spin part χS is symmetric. In opposite case or-
bital part Λ(R, t) is symmetric, then the spin part χS is
antisymmetric.
B. Many-particle Pauli equation as the starting
point of derivation of kinetic equations
Thus we start with the many-particle Pauli equation
ıh¯∂tΨ(R, t) =
( N∑
i=1
(
1
2mi
Dˆ
2
i + qiϕ
ext
i − γiσiBi(ext)
)
+
1
2
N∑
i,j 6=i
(qiqjGij − γiγjGαβij σαi σβj )
)
Ψ(R, t), (4)
where Ψ(R, t) = ΨS(R, t), we can also rewrite
terms containing spin operators with detail
description of spinor indexes σiΨ(R, t) =
(σiΨ(R, t))S = (σiΨ(R, t))s1,...,si,...,sN =
σsisi′
Ψs1,...,si′ ,...,sN (R, t), and σ
α
i σ
β
j Ψ(R, t) =
(σαi σ
β
j Ψ(R, t))S = (σ
α
i σ
β
j Ψ(R, t))s1,...,si,...,sj,...,sN =
σαsisi′σ
β
sjsj′
Ψs1,...,si′ ,...,sj′ ,...,sN (R, t).
Equation (4) governs evolution of N-spinor wave func-
tion Ψ(R, t). In equation (4) mi is the mass of parti-
cle with number i, below we consider system of parti-
cles with equal masses, qi is the charge of particle, γi
is the gyromagnetic ratio, for electrons it can be writ-
ten as γi ≈ 1.00116µB, µB = qih¯/(2mic) is the Bohr
magneton, the difference of | γe | from the Bohr mag-
neton includes contribution of the anomalous magnetic
dipole moment, ϕexti is the scalar potential of an exter-
nal electromagnetic field acting on particle with number
i, Bi(ext) is the external magnetic field, (Dˆiψ)(R, t) =
((−ıh¯∇i − qic Ai,ext)ψ)(R, t), with Ai,ext is the vector
potential of an external electromagnetic field acting on
3particle, σi is the Pauli matrixes describing spin of par-
ticles, h¯ is the reduced Planck constant, c is the speed of
light, Bi(ext) = ∇i ×Ai(ext), Ei(ext) = −∇iϕext(ri, t) −
1
c
∂tAext(ri, t), Gpn =
1
rij
is the Green function of the
Coulomb interaction containing module of the interpar-
ticle distance rij = ri − rj , and
Gαβij = 4piδαβδ(rij) +∇αi ∇βi
1
rij
(5)
is the Green function of the spin-spin interaction, δij is
the Kroneckers delta.
Let us present the explicit form of the Pauli matrixes
σ̂x =
(
0 1
1 0
)
, σ̂y =
(
0 −ı
ı 0
)
, σ̂z =
(
1 0
0 −1
)
.
(6)
The commutation relation for spin-1/2 matrixes is
[σ̂α, σ̂β ] = 2ıεαβγσ̂γ , (7)
with εαβγ is the Levi-Civita symbol.
C. Explicit form of the Pauli equation for two
spin-1/2 particles
As the first simple example let us rewrite the Pauli
equation (4) for a single particle in more explicit form
ıh¯∂tψ↑ =
(
( h¯
ı
∇− qe
c
A)2
2m
+ qeϕ− γeBz
)
ψ↑
− γe(Bx − ıBy)ψ↓, (8)
and
ıh¯∂tψ↓ =
(
( h¯
ı
∇− qe
c
A)2
2m
+ qeϕ+ γeBz
)
ψ↓
− γe(Bx + ıBy)ψ↑. (9)
The single particle wave spinor can be easily presented
as a linear combination of the spin-up and spin-down
states described corresponding unit spinors
ψs(r, t) = ψ↑
(
1
0
)
+ ψ↓
(
0
1
)
. (10)
It have allowed us to rewrite the Pauli equation in a
rather more explicit form given be formulae (8) and (9).
Applying wave functions describing spin-up ψ↑ and
spin-down ψ↓ states we can write probability density to
find the particle in a point r with spin-up ρ↑ =| ψ↑ |2
or spin-down ρ↓ =| ψ↓ |2. We also see ρ = ρ↑ + ρ↓. Di-
rections up ↑ (down ↓) corresponds to spins having same
(opposite) direction as (to) the external magnetic field.
While magnetic moments have opposite to spin directions
since we consider negatively charged particles.
Let us consider structure of the many-particle wave
function Ψ(R, t) in more details. To our end we will need
different basis in space of the second-rank spinors:
τ1 =
1
2
(
σ̂0 + σ̂z
)
=
(
1 0
0 0
)
(11)
τ2 =
1
2
(
σ̂x + ıσ̂y
)
=
(
0 1
0 0
)
(12)
τ3 =
1
2
(
σ̂x − ıσ̂y
)
=
(
0 0
1 0
)
, (13)
and
τ4 =
1
2
(
σ̂0 − σ̂z
)
=
(
0 0
0 1
)
, (14)
where
σ̂0 = Iˆ =
(
1 0
0 1
)
(15)
is the unit second rank spinor.
It is essential to repeat that the two-particle wave func-
tion of two spin-1/2 particles is a 2×2 matrix (see formula
(2)). Consequently we can expand it as a superposition
of matrixes σ̂0 and σ = {σ̂x, σ̂y, σ̂z} or the set of matrixes
{τ̂a} with a = 1, 2, 3, 4. So, the two-particle wave func-
tion has form of Ψ =
∑
a ψaτ̂a, where ψa = ψa(r1, r2, t)
are complex functions.
Wave function of two spin-1/2 particles ΨS(R, t) can
be presented via the upper Ψ↑(R, t), or lower Ψ↓(R, t)
line in the 2-rank spinor ΨS(r1, r2, t) =
(
Ψ↑(r1, r2, t)
Ψ↓(r1, r2, t)
)
,
where Ψ↑(r1, r2, t) =
(
ψ1(r1, r2, t) ψ2(r1, r2, t)
)
, and
Ψ↓(r1, r2, t) =
(
ψ3(r1, r2, t) ψ4(r1, r2, t)
)
.
The density probability in the six dimensional con-
figurational space appears in the traditional form
ρ(r1, r2, t) = Ψ
+(R, t)Ψ(R, t). Its explicit form is
ρ(r1, r2, t) =
∑
i ψi(r1, r2, t). We can separate terms
in this sum in two groups ρ↑(r1, r2, t) and ρ↓(r1, r2, t)
in the following way. We can introduce a notation
ρ↑(r1, r2, t) = Ψ+↑ Ψ↑, ρ↓(r1, r2, t) = Ψ
+
↓ Ψ↓, which is
not a mathematical symbol, but it will be very useful
to get a compact form of formulae below. Applying
wave functions describing spin-up Ψ↑ and spin-down Ψ↓
states of two particle systems we can write probability
density to find both particles in point r1 and r2 with
spin-up ρ↑(r1, r2, t) =| ψ1 |2 + | ψ2 |2 or spin-down
ρ↓ =| ψ3 |2 + | ψ4 |2. We also see ρ = ρ↑ + ρ↓. Di-
rections up ↑ (down ↓) corresponds to spins having same
(opposite) direction as (to) the external magnetic field.
A compact form of the Pauli equation for two spin-
1/2 interacting particles can be written easily using the
general form of the Pauli equation for N particles (4)
ıh¯∂tΨ(R2, t) =
[ 2∑
i=1
(
1
2mi
Dˆ
2
i + qiϕ
ext
i − γiσiBi(ext)
)
4+ q1q2G12 − γ1γ2Gαβ12 σα1 σβ2 )
]
Ψ(R, t), (16)
where Ψ(R2, t) = Ψs1,s2(r1, r2, t).
We are going to present a more explicit form of equa-
tion (16). To this end we introduce operator Λ̂ as
Λ̂ = ıh¯∂t −
2∑
i=1
(
1
2mi
Dˆ
2
i + qiϕ
ext
i
)
− q1q2G12. (17)
Finally we able to present explicit form of the Pauli
equation for two particles involved in the Coulomb and
spin-spin interactions, and also interacting with the ex-
ternal electromagnetic field
τ̂1
{
Λψ1+ γ1[B1zψ1+(B1x− ıB1y)ψ3] + γ1γ2[(Gzx+Gzy +Gzz)ψ1+(Gxx+Gxy +Gxz)ψ3− ı(Gyx+Gyy+Gyz)ψ3]
}
+τ̂2
{
Λψ2+γ2[B2zψ2+(B2x− ıB2y)ψ4]+γ1γ2[(Gxz+Gyz+Gzz)ψ2+(Gxx+Gyx+Gzx)ψ4− ı(Gxy+Gyy+Gzy)ψ4]
}
+τ̂3
{
Λψ3+γ1[−B1zψ3+(B1x+ıB1y)ψ1]+γ1γ2[−(Gzx+Gzy+Gzz)ψ3+(Gxx+Gxy+Gxz)ψ1+ı(Gyx+Gyy+Gyz)ψ1]
}
+τ̂4
{
Λψ4+γ2[−B2zψ4+(B2x+ıB2y)ψ2]+γ1γ2[−(Gxz+Gyz+Gzz)ψ4+(Gxx+Gyx+Gzx)ψ2+ı(Gxy+Gyy+Gzy)ψ2]
}
= 0.
(18)
Comparing formula (18) with its analog for a single
particle presented by equations (8) and (9) we see that
two particle system is rather more complicate. It is essen-
tial to mention that two particle Pauli equation reflects
many properties of N particle Pauli equation. Hence it
allows to understand correct structure of quantum kinet-
ics of electrons with separated spin-up and spin down
evolution.
D. Basic definitions of quantum kinetics
Most famous quantum distribution function was sug-
gested by Wigner [15], however we do not apply it
here. We construct our kinetic theory in according with
the many-particle quantum hydrodynamic (MPQHD)
method [4], [6], [9]. We start with classic microscopic dis-
tribution function [16], [17]. We change classic dynamic
functions of position and momentum of particles on the
corresponding operators. As the result we find the oper-
ator of many-particle microscopic quantum distribution
function [18], [19]
fˆ =
∑
i
δ(r− r̂i)δ(p− p̂i). (19)
Quantum mechanical averaging of the operator of
many-particle distribution function gives us the micro-
scopic distribution function for system of spinning parti-
cles [18], [19]
fa(r,p, t) =
1
4
∫ (
Ψ+(R, t)
∑
i
(
δ(r− ri)δ(p− p̂i)
+ δ(p− p̂i)δ(r − ri)
)
Ψ(R, t) + h.c.
)
dR, (20)
for each species of particles a = e for electrons and a = i
for ions. In formula (20) we have Ψ+(R, t) = Ψ+S (R, t) =
(ΨS(R, t))∗.
We can introduce the distribution function of sub-
species of electrons for spin-up and spin-down electrons:
fe,s = fe,s(r,p, t) =
1
4
∫ (
Ψ+s (R, t)
∑
i
(
δ(r−ri)δ(p−p̂i)
+ δ(p− p̂i)δ(r− ri)
)
Ψs(R, t) + h.c.
)
dR, (21)
for each subspecies of electrons.
In formula (21) we have applied functions ΨS(R, t),
which are the upper Ψ↑(R, t), or lower Ψ↓(R, t) line in
the N-rank spinor ΨS(R, t) =
(
Ψ↑(R, t)
Ψ↓(R, t)
)
.
5III. SET OF KINETIC EQUATIONS
We consider quantum plasmas as the set of three
species of particles: spin-up electrons, spin-down elec-
trons and ions. Hence we have three kinetic equations
presented below.
Kinetic equation for spin-up electrons is
∂tfe↑ + v∇rfe↑ + qe
(
E+
1
c
[v,B]
)
∇pfe↑
+γe∇Bz · ∇pfe↑ + γe
2
(
∇Bx · ∇pSe,x
+∇By · ∇pSe,y
)
=
γa
h¯
[Se,xBy − Se,yBx]. (22)
Kinetic equation for spin-down electrons has same
structure as equation for spin-up electrons, but it has
some different coefficients
∂tfe↓ + v∇rfe↓ + qe
(
E+
1
c
[v,B]
)
∇pfe↓
−γe∇Bz · ∇pfe↓ + γe
2
(
∇Bx · ∇pSe,x
+∇By · ∇pSe,y
)
= −γa
h¯
[Se,xBy − Se,yBx]. (23)
Kinetic equation for ions is
∂tfi + v∇rfi + qi
(
E+
1
c
[v,B]
)
∇pfi = 0, (24)
where we consider the charge-charge interaction only.
Considering the charge-charge and the spin-spin inter-
actions we apply the self-consistent field approximation
[13], [20], [17]. The MPQHD equations beyond the self-
consistent field approximation can be found in Refs. [5],
[7], [21].
Kinetic equations for electrons contain spin-
distribution functions Se,x(r,p, t) and Se,y(r,p, t).
The spin distribution functions for each species ap-
pears as the quantum mechanical average of the corre-
sponding operator
Sˆα =
∑
i
δ(r − r̂i)δ(p − p̂i)σ̂αi . (25)
Hence explicit form of the spin distribution function is
Sαa (r,p, t) =
1
4
∫ (
Ψ+S (R, t)
∑
i
(
δ(r− ri)δ(p− p̂i)
+ δ(p− p̂i)δ(r− ri)
)
σ̂αi ΨS(R, t) + h.c.
)
dR. (26)
The spin distribution functions Se,x(r,p, t) and
Se,y(r,p, t) appear for all electrons inspite the sep-
aration of spin-up and spin-down electrons in the
distribution functions.
Differentiating explicit forms of Sx and Sy and apply-
ing the Pauli equation (8) and (9) for the time deriva-
tives of the N-rank spinor wave function ΨS we obtain
the following equations for spin-distribution functions of
electrons
∂tSe,x + v∇rSe,x + qe
(
E+
1
c
[v,B]
)
∇pSe,x
+γe∇Bx∇p(fe↑+fe↓)−2γe
h¯
(
Se,yB
z−(fe↑−fe↓)By
)
= 0,
(27)
and
∂tSy + v∇rSe,y + qe
(
E+
1
c
[v,B]
)
∇pSe,y
+γe∇By∇p(fe↑+fe↓)−2γe
h¯
(
(fe↑−fe↓)Bx−Se,xBz
)
= 0.
(28)
Let us mention that Sx and Sy do not wear subindexes
↑ and ↓. As we can see from definitions of Sx and Sy
they are related to both projections spin-up Ψ↑ and spin-
down Ψ↓. Operators σ̂xi and σ̂
y
i mixing upper and lower
components of N-rank spinor wave function. Whereas
σ̂zi do not mix them giving Sz(r,p, t) = fe↑(r,p, t) −
fe↓(r,p, t). The full distribution of all electrons fe(r,p, t)
is the sum of distribution functions of spin-up fe↑(r,p, t)
and spin-down fe↓(r,p, t) electrons fe = fe↑(r,p, t) +
fe↓(r,p, t).
Electromagnetic fields in the QHD equations presented
above obey the Maxwell equations
∇E = 4pie
(
ni − ne↑ − ne↓
)
, (29)
∇B = 0, (30)
∇×E = −1
c
∂tB, (31)
and
∇×B = 1
c
∂tE+ 4pi∇×Me
+
4pi
c
(qeje↑ + qeje↓ + qiji), (32)
where Me = {γeS˜ex, γeS˜ey, γe(ne↑ − ne↓)} is the magne-
tization of electrons in terms of hydrodynamic variables.
6Material fields entering the Maxwell equations have the
following relations to the distribution functions
na(r, t) =
∫
fa(r,p, t)dp, (33)
ja(r, t) =
∫
p
ma
fa(r,p, t)dp, (34)
S˜ex(r, t) =
∫
Sex(r,p, t)dp, (35)
and
S˜ey(r, t) =
∫
Sey(r,p, t)dp. (36)
Let us consider the spin density
S˜α(r, t) =
∫
dR
∑
i
δ(r − ri)ψ∗(R, t)σ̂αi ψ(R, t), (37)
proportional to the magnetization Ma(r, t), usually
used in the quantum hydrodynamics [4], [9], and [20]:
Ma(r, t) = γaSa(r, t). Next integrating the spin distri-
bution function over the momentum we get the spin den-
sity appearing in the quantum hydrodynamic equations
[9], [20]
Here we describe explicit form of hydrodynamic spin
density projections S˜α(r, t) for the simple single parti-
cle case to give a taste of the spin density structure,
which reflects structure of the spin-distribution function.
Here we need to represent both components of the spinor
wave function as ψs = ase
ıφs . These quantities appear
as follows S˜x = ψ
∗σxψ = ψ∗↓ψ↑ + ψ
∗
↑ψ↓ = 2a↑a↓ cos∆φ,
S˜y = ψ
∗σyψ = ı(ψ∗↓ψ↑ − ψ∗↑ψ↓) = −2a↑a↓ sin∆φ, S˜z =
ψ∗↑ψ↑−ψ∗↓ψ↓ = a2↑−a2↓, where ∆φ = φ↑−φ↓. S˜x, S˜y, and
S˜z appear as mixed combinations of ψ↑ and ψ↓. These
quantities do not related to different species of electrons
having different spin direction. S˜x and S˜y describe si-
multaneous evolution of both species.
IV. LINEARISED SET OF SEPARATED
SPIN-UP AND SPIN-DOWN QUANTUM
KINETIC EQUATIONS
Operator [v, ez]∂p can be represented as
1
m
∂ϕ, where ϕ
is the angle in the cylindrical coordinates in momentum
space.
In equilibrium the set of kinetic equations (22), (23),
(24), (27), and (28) has the following form
∂ϕf0e↑ = 0, ∂ϕf0e↓ = 0, ∂ϕf0i = 0, (38)
∂ϕS0e,x = S0e,y, (39)
and
∂ϕS0e,y = −S0e,x. (40)
We have included that time and space derivatives of the
distribution functions equal to zero. We have also in-
cluded that electric field in equilibrium equals to zero as
well. Equilibrium magnetic field equals to the external
field directed parallel to the Z axis Bx = By = 0.
A. Equilibrium distributions
We consider degenerate electrons. In absence of the ex-
ternal magnetic field two electrons occupy each quantum
state with momentum below the Fermi momentum
f0e =
2
(2pih¯)3
Θ(pFe − p), (41)
where pFe = (3pi
2n0e)
1
3 h¯.
Distribution (41) is a spherically symmetric distribu-
tion, which does not contain dependence on angle vari-
ables θ, ϕ.
If we have degenerate electrons in an external magnetic
field when occupation of spin-up and spin-down states are
different. Under influence of an external magnetic field
part of spin-up electrons change direction and transit to
spin-down states. Thus instead of the Fermi step con-
taining fully occupied (two electrons in a state) states,
which is the unmodified Fermi step, we have two dif-
ferent Fermi steps for spin-up and spin-down electrons.
The Fermi step for spin-up electrons is shorter than the
unmodified Fermi step, whereas The Fermi step for spin-
down electrons is longer than the unmodified Fermi step.
Equilibrium distribution function for each subspecies of
electrons are
f0s =
1
(2pih¯)3
Θ(pFs − p), (42)
where pFs = (6pi
2n0s)
1
3 h¯, and s =↑, or ↓.
Distribution function of all electrons is the sum of f0↑
and f0↓, hence
f0e =
1
(2pih¯)3
[θ(pF↑ − p) + θ(pF↓ − p)], (43)
which pass into (41) at B0 → 0.
We consider two limits for ions: classic low tempera-
ture ions and degenerate ions.
For classic ions we consider the Maxwell distribution
function for equilibrium distribution
f0i(p) =
n0i
(
√
2pimiTi)3
exp
(
− p
2
2miTi
)
, (44)
where Ti is the temperature of classic ions in units of
energy, and p = mv.
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FIG. 1: (Color online) The figure shows distribution func-
tions n of degenerate spin-up and spin-down electrons being
in external magnetic field. This distribution function gives
average occupation number of quantum states with different
energies.
For degenerate ions we have
f0i =
2
(2pih¯)3
Θ(pFi − p). (45)
We neglect change of ion occupation number for magne-
tised ions.
From equations (39) and (40) we find general form of
dependence of equilibrium spin distribution functions on
momentum
S0x = C(p‖, p⊥) cos(ϕ+ ϕ0), S0y = C(p‖, p⊥) sin(ϕ+ ϕ0).
(46)
Further analysis leads to the following explicit form of
equilibrium spin distribution functions
S0x =
1
(2pih¯)3
(
Θ(pFu − p) + Θ(pFd − p)
)
cos(ϕ+ ϕ0),
(47)
S0y =
1
(2pih¯)3
(
Θ(pFu − p) + Θ(pFd − p)
)
sin(ϕ+ ϕ0).
(48)
Let us mention that corresponding equilibrium hydro-
dynamic spin densities equal to zero∫
S0x(p)dp = 0, (49)
and ∫
S0y(p)dp = 0, (50)
as it should be. These integrals equal to zero due to
integration over the angle ϕ.
B. Linearised kinetic equations
Now we are ready to present linearised kinetic equa-
tions.
Linearised kinetic equation for spin-up electrons reads
as
∂tδfe↑ + v∂rδfe↑
+qe
(
δE+
1
c
[v, δB]
)
∂pf0e↑ + qe
1
c
[v,B0]∂pδfe↑
+γe∇δBz · ∇pf0e↑ + γe
2
(
∂αδB
x · ∂pαS0e,x
+∇δBy · ∇pS0e,y
)
=
γa
h¯
(
S0e,xδBy − S0e,yδBx
)
. (51)
Linearised kinetic equation for spin-down electrons ap-
pears as
∂tδfe↓ + v∇rδfe↓
+qe
(
δE+
1
c
[v, δB]
)
∇pf0e↓ + qe 1
c
[v,B0]∇pδfe↓
−γe∇αδBz · ∇pαf0e↓ + γe
2
(
∇δBx · ∇pS0e,x
+∇δBy ·∇pS0e,y
)
= −γa
h¯
(
S0e,xδBy−S0e,yδBx
)
. (52)
Linearised kinetic equation for ions has the following
form
∂tδfi + v∇rδfi
+qi
(
δE+
1
c
[v, δB]
)
∇pf0i+qi 1
c
[v,B0]∇pδfi = 0. (53)
8Linearised kinetic equation for x-projection of the spin-
distribution function of electrons
∂tδSe,x + v∇rδSe,x
+qe
(
δE+
1
c
[v, δB]
)
∇pS0e,x + qe 1
c
[v,B0]∇pδSe,x
+γe∇δBx · ∇p(f0e↑ + f0e↓)
=
2γe
h¯
(
δSe,yB0z + S0e,yδBz − (f0e↑ − f0e↓)δBy
)
, (54)
and linearised kinetic equation for y-projection of the
spin-distribution function of electrons
∂tδSy + v∇rδSe,y
+qe
(
δE+
1
c
[v, δB]
)
∇pS0e,y + 1
c
[v,B0]∇pδSe,y
+γe∇δBy · ∇p(f0e↑ + f0e↓)
=
2γe
h¯
(
(f0e↑− f0e↓)δBx −S0e,xδBz − δSe,xB0z
)
. (55)
Equations of matter evolution (51)-(55) are coupled
with equations of electromagnetic field
∇δE = 4pi
∑
a=u,d,i
qa
∫
δfa(r,p, t)dp, (56)
∇δB = 0, (57)
∇× δE = −1
c
∂tδB, (58)
and
∇× δB = 1
c
∂tδE+ 4pi∇× δMe
+
4pi
c
∑
a=u,d,i
qa
∫
p
ma
δfa(r,p, t)dp, (59)
where
δMx = γe
∫
δSe,x(r,p, t)dp, (60)
δMy = γe
∫
δSe,y(r,p, t)dp, (61)
and
δMz = γe
∫
[δf↑(r,p, t)− δf↓(r,p, t)]dp. (62)
E kll
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FIG. 2: (Color online) The figure shows velocity, wave vector,
and electric field in oblique propagating longitudinal waves.
C. Small amplitude perturbations propagating
parallel to the external magnetic field
Equilibrium condition is described by the non-zero con-
centrations n0↑, n0↓, n0 = n0↑ + n0↓, S0x, S0y, and an
external magnetic field Bext = B0ez, but E0 = 0. As-
suming that perturbations are monochromatic
δfe↑
δfe↓
δfi
δE
δB
δSx
δSy

=

FA↑
FA↓
FAi
EA
BA
SAx
SAy

e−ıωt+ıkr, (63)
we get a set of linear algebraic equations relatively to
FA↑, FA↓, FAi, VA↑, VA↓, EA, BA, SAx, and SAy. Con-
dition of existence of nonzero solutions for amplitudes of
perturbations gives us a dispersion equation.
Difference of spin-up and spin-down concentrations of
electrons ∆n = n0↑ − n0↓ is caused by external mag-
netic field. Since electrons are negative their spins get
preferable direction opposite to the external magnetic
field ∆n
n0
= tanh(γeB0
Te
) = − tanh( |γe|B0
Te
). Here we con-
sider temperature in units of energy, so we do not use the
Boltzmann constant.
We consider plasmas in the uniform constant external
magnetic field. We see that in linear approach numbers
of electrons of each species conserves.
Linearised set of kinetic equations has rather complex
form, but we follow results of Refs. [1] and [3], hence
we are focused on properties of the longitudinal waves.
This assumption makes analysis more simple. We should
mention that waves in magnetised plasmas are not longi-
tudinal in most cases. An exeptional regime supporting
propagation of longitudinal waves is limit of wave prop-
agation parallel to external magnetic field. Thus this is
9the main area of our research. However we obtain an ap-
proximate dispersion equation for longitudinal waves in
regime of oblique wave propagation. Longitudinal waves
require E ‖ k. As a consequence we obtain δB = 0.
V. DISPERSION EQUATION FOR
LONGITUDINAL WAVES: GENERAL FORM
General form of dispersion equation for oblique prop-
agating longitudinal waves in separated spin evolution
model appears as
1 +
4pi2e2
k
{ ∑
s=u,d
+∞∑
n=−∞
p2Fs
(2pih¯)3
×
×
∫ pi
0
sin θdθ
Jn
(
kxvFs
Ωs
sin θ
)
kzvFs cos θ − ω + nΩs×
×
[
2 cosα cos θJn
(
kxvFs
Ωs
sin θ
)
+sinα sin θ
(
Jn+1
(
kxvFs
Ωs
sin θ
)
+Jn−1
(
kxvFs
Ωs
sin θ
))]
+
+∞∑
n=−∞
n0i
(2pimiTi)
3
2
1
2piTi
∫
dp
Jn
(
kxvTi
Ωi
sin θ
)
e
− p2
2miTi
kzvz − ω + nΩi ×
×
(
2Jn
(
kxvTi
Ωi
sin θ
)
vz cosα
+
[
Jn+1
(
kxvTi
Ωi
sin θ
)
+ Jn−1
(
kxvTi
Ωi
sin θ
)])}
= 0,
(64)
where vz = v cos θ, v⊥ = v sin θ, kz = k cosα, kx =
k sinα, and Jn(x) are the Bessel functions.
Dispersion equation for longitudinal waves propagating
parallel to external field in magnetised plasmas rather
simpler, in this limit we have k ‖ B0, consequently we
obtain α = 0, kx = 0, kz = k. This assumption leads to
more simplification Jn(0) = 0 if n 6= 0, and J0(0) = 1.
After all these simplifications we find
1 +
8pi2e2
k2
(∑
s=u,d
m2evFs
(2pih¯)3
(
2 + ω
∫ pi
0
sin θdθ
kvFs cos θ − ω
)
+
1
2piTi
n0i
(2pimiTi)
1
2
(
(2pimiTi)
1
2+ω
∫
e
− p
2
z
2miTi
kvz − ωdpz
))
= 0.
(65)
For the Maxwell distribution in equilibrium state we
meet the following integral in the dispersion equation
Z(α) =
1√
pi
∫ +∞
−∞
exp(−ξ2)
ξ − α dξ
=
1√
pi
[
P
∫ +∞
−∞
exp(−ξ2)
ξ − α dξ
]
+ ı
√
pi exp(−α2), (66)
where α = ω
kvT
with vT ≡
√
T
m
, and the symbol P de-
notes the principle part of the integral.
Let us present assumptions of formula (66). At α≫ 1
we have
Z(α) ≃ − 1
α
(
1+
1
2α2
+
3
4α4
+ ...
)
+ı
√
pi exp(−α2). (67)
This approximate formula will be applied below at de-
scription of classic ion contribution in spectrum of plas-
mas.
VI. SPECTRUM OF LONGITUDINAL WAVES
PROPAGATING PARALLEL TO EXTERNAL
FIELD IN MAGNETISED SEPARATED SPIN-UP
AND SPIN-DOWN QUANTUM PLASMAS
Taking integrals over angle θ and pz in equation (65)
we get the following explicit form of dispersion equations
in regimes of classic and degenerate ions.
Classic ions
Degenerate electrons give, in dispersion equation, well-
known logarithmic term. Since we have two species of
electrons we obtain two logarithmic terms:
1 =
3
2
ω2Lu
v2Fuk
2
(
ω
kvFu
ln
ω + kvFu
ω − kvFu − 2
)
+
3
2
ω2Ld
v2Fdk
2
(
ω
kvFd
ln
ω + kvFd
ω − kvFd − 2
)
+
ω2Li
ω2
(
1 + 3
k2v2Ti
ω2
)
−
√
pi
2
ı
ω2Li
k2v2Ti
ω
kvTi
exp
(
− ω
2
2k2v2Ti
)
. (68)
Quantum degenerate ions
If ions are degenerate as well as electrons we have three
similar logarithmic terms
1 =
∑
a=u,d,i
3
2
ω2La
v2Fak
2
(
ω
kvFa
ln
ω + kvFa
ω − kvFa − 2
)
. (69)
Below we present approximate formulas we apply to
solve dispersion equations analytically.
At ω ≫ kva one finds well-known expansion
ω
kva
ln
ω + kva
ω − kva = 2
(
1 +
1
3
k2v2a
ω2
+
1
5
k4v4a
ω4
)
. (70)
At ω ≪ kva we obtain another well-known expansion
ω
kva
ln
ω + kva
ω − kva = −piı
ω
kva
+ 2
ω2
k2v2a
(
1 +
1
3
ω2
k2v2a
)
. (71)
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A. Langmuir wave
Dispersion equation for high frequency regime at clas-
sic ions
1 =
ω2Ld
ω2
(
1 +
3
5
k2v2Fd
ω2
)
+
ω2Lu
ω2
(
1 +
3
5
k2v2Fu
ω2
)
+
ω2Li
ω2
(
1 + 3
k2v2Ti
ω2
)
−
√
pi
2
ı
ω2Li
k2v2Ti
ω
kvTi
exp
(
− ω
2
2k2v2Ti
)
. (72)
Dispersion equation for high frequency regime at clas-
sic ions
1 =
ω2Lu
ω2
(
1 +
3
5
k2v2Fu
ω2
)
+
ω2Lu
ω2
(
1 +
3
5
k2v2Fu
ω2
)
+
ω2Li
ω2
(
1 + 3
k2v2Ti
ω2
)
. (73)
In general case the frequency of excitations appears in
complex form ω = ωR + ıωIm.
Spectrums of the Langmuir waves are
ω2R = (ω
2
Ld + ω
2
Lu + ω
2
Li)
+
3
5
k2
(
n0u
n0e
v2Fu +
n0d
n0e
v2Fd +
me
mi
v2Fi
)
(74)
for degenerate ions, and
ω2R = (ω
2
Ld + ω
2
Lu + ω
2
Li)
+
3
5
k2
(
n0u
n0e
v2Fu +
n0d
n0e
v2Fd +
5
3
me
mi
v2Ti
)
, (75)
with
ωIm =
1
2
√
pi
2
ı
ω2Li
k2v2Ti
ω2Le
kvTi
exp
(
− ω
2
Le
2k2v2Ti
)
(76)
for classic electrons.
In formulae (74) and (75) sum of partial Langmuir fre-
quencies ω2Ld+ω
2
Lu gives full Langmuir frequency of elec-
trons ω2Le = ω
2
Ld + ω
2
Lu, since n0e = n0u + n0d.
The Langmuir wave in degenerate electron gas does not
have collisionless damping ωIm = 0 if ions are degenerate
as well. In regime of classic (Maxwellian) ions, there
is small damping of the Langmuir waves in degenerate
electron gas.
In Ref. [1] we have obtained ω2 = (ω2Ld + ω
2
Lu) +
1
3k
2(n0u
n0e
v2Fu +
n0d
n0e
v2Fd). We can see that pressure term
has different coefficient. This difference appeared due
to application of the Fermi pressure (for spin-up and
spin-down separately) as an equation of state PFs =
1
5
(6pi2)
2
3 n
5
3
s h¯
2
m
. The Fermi pressure gives the equation of
state for equilibrium, whereas we considered perturba-
tions of an equilibrium state. To cancel the difference
between hydrodynamic and kinetics of small perturba-
tions in three dimensional plasmas we can write down
the following modified equation of state Pms =
1
5
mv2Fs
n2
0s
n3s
(see Ref. [13] formula 99), where ns is the full concen-
tration of particles with s spin projection on z direction,
and n0s is the equilibrium concentration of particles with
s spin projection. This formula gives the Fermi pressure
in equilibrium n = n0, and it gives spectrum coinciding
with results of kinetic theory of degenerate electron gas.
Let us represent the real part of the Langmuir spec-
trum in approximate, and more explicit form. We present
this spectrum in terms of conventional variables ωLe, vFe,
and ∆n, hence we have
ω2 = ω2Le+
3
10
k2v2Fe
[(
1−∆n
n0e
) 5
3
+
(
1+
∆n
n0e
) 5
3
]
. (77)
This dependence on ∆n corresponds to results obtained
in Refs. [5], [21].
B. Spin-electron acoustic waves
In this subsection we present one of main results of
this paper. We present the kinetic analysis of the spin-
electron acoustic waves. At hydrodynamic description
we were able to get spectrum of the SEAWs at all wave
vectors [1], [2]. Here we can get an analytical solution for
intermediate frequencies described below (see conditions
(78) and (86)). Nevertheless, the quantum kinetics allows
us to study the Landau damping of the SEAWs.
Regime of high spin polarisation allows to perform an-
alytic consideration of the spin-electron acoustic wave
spectrum.
1. SEAW: Classic ions
Part of spectrum of spin-electron acoustic wave can be
derived at the following conditions
kvTi, kvFu ≪ ω ≪ kvFd. (78)
Dispersion equation (68) simplifies at conditions (78).
Its simple form appears as
1 + 3
ω2Ld
k2v2Fd
(
1 +
pi
2
ı
ω
kvFd
− ω
2
k2v2Fd
)
=
ω2Lu
ω2
(
1 +
3
5
k2v2Fu
ω2
)
+
ω2Li
ω2
(
1 + 3
k2v2Ti
ω2
)
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−
√
pi
2
ı
ω2Li
k2v2Ti
ω
kvTi
exp
(
− ω
2
2k2v2Ti
)
. (79)
In major order equation (79) gives the following spec-
trum
ω2R0 =
(
ω2Lu + ω
2
Li
)
1 + 3
ω2
Ld
k2v2
Fd
. (80)
Including terms of second order we obtain more general
dispersion dependence
ω2R =
ω2Lu
(
1 + 35
k2v2Fu
ω2
R0
)
+ ω2Li
(
1 + 3
k2v2Ti
ω2
R0
)
1 + 3
ω2
Ld
k2v2
Fd
− 3ω2Ldω2R0
k4v4
Fd
. (81)
We also obtain imaginary part of the frequency giving
Landau damping of the SEAW
ωIm =
1
2
ωR
3pi
2
ω2Ld
k2v2
Fd
ωR0
kvFd
+
√
pi
2
ω2Li
k2v2
Ti
ωR0
kvTi
exp
(
− ω2R0
2k2v2
Ti
)
1 + 3
ω2
Ld
k2v2
Fd
− 3ω2Ldω2R0
k4v4
Fd
.
(82)
In long-wavelength regime ωLd ≫ kvFd formula (80)
simplifies to
ω2R0 =
1
3
k2v2Fd
(ω2Lu + ω
2
Li)
ω2Ld
. (83)
At intermediate spin polarisation ω2Lu ≫ ω2Li we can
neglect ion contribution in formula (83) and find
ω2R0 =
1
3
n0u
n0d
k2v2Fd. (84)
2. SEAW: Degenerate ions
Dispersion equation for the SEAW has form of
1 + 3
ω2Ld
k2v2Fd
(
1 +
pi
2
ı
ω
kvFd
− ω
2
k2v2Fd
)
=
ω2Lu
ω2
(
1 +
3
5
k2v2Fu
ω2
)
+
ω2Li
ω2
(
1 +
3
5
k2v2Fi
ω2
)
. (85)
Equation (85) arises at conditions
kvFi, kvFu ≪ ω ≪ kvFd. (86)
Equation (85) gives spectrum of the SEAWs
ω2R0 =
(
ω2Lu + ω
2
Li
)
1 + 3
ω2
Ld
k2v2
Fd
. (87)
Landau damping of the SEAW is found to be
ωIm =
1
2
ωR
3pi
2
ω2Ld
k2v2
Fd
ωR0
kvFd
1 + 3
ω2
Ld
k2v2
Fd
− 3ω2Ldω2R0
k4v4
Fd
. (88)
At ω2Ld ≫ k2v2Fd we find simplification of formula (88)
ωIm =
pi
4
ωR0
kvFd
ωR0 ≪ ωR0.
In opposite limit ω2Ld ≪ k2v2Fd the denominator
in formula (88) equals to 1 and we have ωIm =
3pi
4
ω2Ld
k2v2
Fd
ωR0
kvFd
ωR0 ≪ ωR0.
So, the Landau damping of the SEAWs always smaller
than frequency of the wave. Thus we have found that
the SEAW is a weakly damped wave.
Including smaller corrections in equation (85) we can
find generalisation of formula (87)
ω2R =
ω2Lu
(
1 + 35
k2v2Fu
ω2
R0
)
+ ω2Li
(
1 + 35
k2v2Fi
ω2
R0
)
1 + 3
ω2
Ld
k2v2
Fd
− 3ω2Ldω2R0
k4v4
Fd
. (89)
Formula (80) coincides with the result for Maxwellian
ions (80). Hence its long-wavelength limit (ωLd ≫ kvFd)
coincides with formula (83).
3. SEAW: Discussion
Formulae (80) and (87) can be rewritten in terms of
ωLe and vFe. This representation explicitly shows con-
tribution of mismatch of the Fermi surfaces of spin-up
and spin-down electrons.
ω2R0 =
1
2 (1− ∆nn0e )ω2Le + ω2Li
1 + 32
ω2
Le
k2v2
Fe
(1 + ∆n
n0e
)
1
3
. (90)
At ωLd ≫ kvFd and ω2Lu ≫ ω2Li formula (90) simplifies
and we find
ω2R0 =
1
3
(1− ∆n
n0e
)
(1 + ∆n
n0e
)
1
3
· k2v2Fe. (91)
In this subsection we work under condition vFd ≫ vFu
=⇒ 2 > 1 + ∆n
n0e
≫ 1 + ∆n
n0e
=⇒ ∆n comparable with n0.
Thus we conclude that phase velocity of the SEAW given
by formula (91) considerably less than the electron Fermi
velocity ωR0 ≈ 1√6
√
1− ∆n
n0e
kvFe ≪ kvFe.
C. SEAW: Regime of phase velocity near the
Fermi velocity of spin-up electrons vFu
Let us consider the limit ω → kvFu, which is the low
frequency analog of the zeroth sound. In this case we
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can present frequency of oscillations as ω = kvFu + δω.
Dispersion equation arises as
1 =
3
2
ω2Lu
k2v2Fu
[
ω |ω≈kvFu
kvFu
ln
(
2kvFu
δω
)
− 2
]
− 3
2
ω2Ld
k2v2Fd
(
2 +
n
1
3
0u
n
1
3
0d
ln
vFd − vFu
vFd + vFu
+ piı
(
n0u
n0d
) 1
3
)
. (92)
Corresponding dispersion dependence arises as
ω = kvFu
{
1− 2vFd + vFu
vFd − vFu×
× exp
[
−2− 2
3
k2v2Fu
ω2Lu
− 2
(
n0d
n0u
) 1
3
]}
. (93)
D. Ion-acoustic wave
1. Classic ions
Ion-acoustic waves exist at the following conditions
kvTi ≪ ω ≪ kvFu, kvFd. (94)
Dispersion equation for ion acoustic waves with classic
ions has the following form
1 + 3
(
ω2Ld
k2v2Fd
+
ω2Lu
k2v2Fu
)
+
3
2
piıω
(
ω2Ld
k3v3Fd
+
ω2Lu
k3v3Fu
)
=
ω2Li
ω2
−
√
pi
2
ı
ω2Li
k2v2Ti
ω
kvTi
exp
(
− ω
2
2k2v2Ti
)
. (95)
Equation (95) gives dispersion dependence of ion-
acoustic waves
ω2R =
ω2Li
1 + 3(
ω2
Ld
k2v2
Fd
+
ω2
Lu
k2v2
Fu
)
. (96)
If ωLs ≫ kvFs we find long-wavelength limit of disper-
sion dependence (96)
ω2R =
1
3
k2
v2Fdv
2
Fuω
2
Li
v2Fdω
2
Lu + v
2
Fuω
2
Ld
. (97)
Imaginary part of frequency of ion-acoustic waves at
Maxwellian ion appears as
ωIm = −3pi
4
ω4R
ω2Li
(
ω2Ld
k3v3Fd
+
ω2Lu
k3v3Fu
)
− 1
2
√
pi
2
(
ωR
kvTi
)3
ωR exp
(
− ω
2
R
2k2v2Ti
)
. (98)
2. Degenerate ions
Conditions of existence of the ion-acoustic waves in
plasmas of degenerate electrons and ions are
kvFi ≪ ω ≪ kvFu, kvFd. (99)
In this regime we can obtain the dispersion equation
1 + 3
(
ω2Ld
k2v2Fd
+
ω2Lu
k2v2Fu
)
+
3
2
piıω
(
ω2Ld
k3v3Fd
+
ω2Lu
k3v3Fu
)
=
ω2Li
ω2
. (100)
Equation (100) gives the following solution in leading
order on small parameters
ω2R =
ω2Li
1 + 3(
ω2
Ld
k2v2
Fd
+
ω2
Lu
k2v2
Fu
)
. (101)
At ωLs ≫ kvFs (long-wavelength regime) we find sim-
plification of solution (101) as follows
ω2R =
1
3
k2
v2Fdv
2
Fuω
2
Li
v2Fdω
2
Lu + v
2
Fuω
2
Ld
. (102)
Including smaller corrections to the spectrum (101)
find decrement of the Landau damping for ion-acoustic
waves
ωIm = −3pi
4
ω4R
ω2Li
(
ω2Ld
k3v3Fd
+
ω2Lu
k3v3Fu
)
. (103)
3. Ion acoustic waves: Discussion
At kvFs ≫ ωLs formula (101) gives well-known limit
ω2R = ω
2
Li.
Next let us consider formula (102), which has been
obtained from formula (101) in regime of long-wavelength
ωLs ≫ kvFs, in more explicit form
ω2R =
2
3
me
mi
k2v2Fe
1
(1− ∆n
n0e
)
1
3 + (1 + ∆n
n0e
)
1
3
. (104)
If magnetic field is small than ∆n/n0e ≪ 1. In this
regime we obtain
ω2R =
1
3
me
mi
k2v2Fe
(
1 +
1
9
∆n2
n20e
)
. (105)
In the long-wavelength limit ωLs ≫ kvFs the decre-
ment of Landau damping for ion acoustic wave (103) can
be rewritten as
ωIm = − pi
12
me
mi
kvFe
1
[(1− ∆n
n0e
)
1
3 + (1 + ∆n
n0e
)
1
3 ]2
. (106)
We can find simplification of formula (106) for regime
of small magnetic field
ωIm = − pi
48
me
mi
kvFe
(
1 +
2
9
∆n2
n20e
)
. (107)
13
E. Zeroth sound
The zeroth sound is a well-known high frequency solu-
tion of the dispersion equation for degenerate ions. Usu-
ally one obtains it for an equal occupation of spin-up and
spin-down states. Now we consider the zeroth sound in
regime of high difference in occupation of spin-up and
spin-down states by degenerate electrons. In this case
ω ∼ kvFd ≫ kvFu ≫ kvFi.
The zero-sound (Ref on Silin) appears at ω → kvFd
ω = kvFd + δω, (108)
where δω ≪ kvFd
In this regime dispersion equation takes the following
form
1 =
3
2
ω2Ld
k2v2Fd
[
ω |ω≈kvFd
kvFd
ln
(
2kvFd
δω
)
− 2
]
. (109)
Equation (109) gives the following solution
ω0 = kvFd + δω = kvFd
[
1 + 2 exp
(
−2− 2
3
k2v2Fd
ω2Ld
)]
.
(110)
Let us present here the Fermi velocity of spin-down
electrons via the conventional Fermi velocity
vFd = vFe
(
1 +
∆n
n0e
) 1
3
, (111)
with vfe = (3pi
2n0e)
1
3 h¯/m.
More explicit form of the zeroth sound spectrum (110)
appears at substitution (111) in formula (110). Hence we
have
ω0 = kvFe
(
1 +
∆n
n0e
) 1
3
×
×
[
1 + 2 exp
(
−2− 4k
2v2Fe
3ω2Ld
(
1 +
∆n
n0e
)− 1
3
)]
. (112)
We can also consider regime of small difference in oc-
cupation numbers as well. In this case kvFd ∼ kvFu, and
ω ∼ kvFd > kvFu ≫ kvFi.
ω = kvFd + δω, (113)
and
ω − kvFu = ∆+ δω, (114)
where ∆ = k(vFd − vFu).
In this regime the dispersion appears as follows
ω = kvFd
{
1 + 2 exp
[
−2− 2
3
k2v2Fd
ω2Ld
− n
1
3
0u
n
1
3
0d
(
2 + ln
n
1
3
0d − n
1
3
0u
n
1
3
0d + n
1
3
0u
)]}
. (115)
VII. CONCLUSIONS
Method of separate spin evolution quantum kinetics,
which separately describes spin-up and spin-down elec-
trons, has been developed. This method has been ap-
plied to rederivation of spectrum of the Langmuir waves
and the SEAWs obtained earlier in terms of SSE-QHD.
Regime of wave propagation parallel to the external mag-
netic field has been considered at calculations of spec-
trum of magnetised spin-1/2 quantum plasmas. Contri-
bution of ions dynamics in dispersion of SEAW has been
considered. Calculation of the Landau damping of the
SEAW has been performed. Influence of separated spin
evolution on real and imaginary parts of spectrums of
ion-acoustic waves and zeroth sound have been found.
Calculation of the Landau damping of the SEAWs has
demonstrated that the SEAWs are weakly damped waves.
Thus we have shown that hydrodynamic calculations of
the real part of spectrum of the SEAWs were reasonable.
We have presented fundamental applications of the
separates spin evolution quantum kinetics method. Fur-
thermore, this method, along with the developed ear-
lier SSE-QHD, creates strong background for research of
spin-1/2 quantum plasmas. It open possibilities for more
detailed analysis of various effects in quantum plasmas
then usual spin-1/2 QHD or similar quantum kinetics.
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